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Assumption:

«* One dimension heat flow r-direction.
% Steady state.
% No heat generation.

For the control volume in the figure energy conservation required that

Qr = q,r+dr

The appropriate form of Fouries low is

= gl . 2 dT
9= dr R(qﬂr}dr

The general heat equation reduced to

(k22 =0

T2 or ar
9 aT -7y
—(kr? —) =0 Vo
or ( or Lo
LIS
R . ! —_—
First integration: i : Frs dr
F 9
I
r i
dr o
T _ ¢
ar 12 Figure 2.6: conduction in spherical shell

Second integration:
Gy
T(r)=- - + Cz .......... a
B-C: atr = Tl ,T = TS,l
atr = ) ,T = TS,Z
apply B.C in equation a
_Ga

TS,l == + C2 .......... b

T
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Solve equation b and ¢ we get:

_ (Ts1—Tsp)
C, = ——F=

11
r2 71
1 (Ts,l_Ts,z)
CZ - Ts,l - r_ 1 1
Y ——

1 T2
Sub. C; & C, in equation a, for temperature distribution:

T(r)-Tsq _ 2 (ﬂ)

Ts2—Ts1 r \r;—-n

= gl _

o dT

= — k(dmr?) ==
qr dr W }dr
T =5, 4=4mr?

Ts _Ts
qr = —4mk 2(2 li_f))
L |
g, = 4 k(Tsi_Tlsz)
(1'1 2
1 1

2.3 Conduction with thermal energy generation:

2.3.1 Plane wall with heat generation:

Ol dead elial

To investigate the effect of uniform internal heat generation in one dimension
temperature distribution within the plane wall. Figure 2.7 shows the plane wall with

internal uniform heat generation, g.
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Figure 2.7 Conduction in a plane wall with uniform heat generation with Symmetrical
boundary conditions.

The general conduction equation is:

[

| N

ET  FT 8

s+ 7+
ax?  9yr oz

For study, one dimension:

0°T . ¢
— _=0
6x2+k

First integration gives:

Second integration gives:
T(x)=—%x2+61x+62 ................ a

BC:iatx=LT=T, atx ==L, T =T

Apply B.C to equation a:

So:
C,=Ty+--12and C; = 0
Sub. C; &C, in equation a gives:
_r=dg2(1_%
T(x) Ty =21 (1 Lz) .......... d
This is a parabolic temperature distribution that is symmetry about x=0
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a
Thus at x=0, T=0
dx
And the maximum temperature axis at x=0

q ;2
T, —T.=—L* ... e
max S 2k

From equation d

2 o x2
K (R)

Sub. In equation e we get:

in case the temperature distribution is asymmetrical as shown in Figure 2.8 the
temperature distribution is as below:

_E}‘_ﬂz(l f) I,— T, X Lt L

W =5\1-%2 7 LT 2

' Iz

» SO

I o1

{a)

Figure 2.8: Conduction in a plane wall with uniform heat generation with
Asymmetrical boundary conditions.

2.3.2 Cylinder with heat generation:
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Heat generation may occur in a variety of radial geometries. Consider the long, solid
cylinder of Figure 2.9, which could represent a current-carrying wire or a fuel
element in a nuclear reactor. For steady-state conditions the rate at which heat is
generated within the cylinder must equal the rate at which heat is convected from the
surface of the cylinder to a moving fluid. This condition allows the surface
temperature to be maintained at a fixed value of 7.

Cold fluid
Ik

FIGURE 2.9 Conduction in a solid cylinder with uniform heat generation.

To determine the temperature distribution in the cylinder, we begin with the
appropriate form of the heat equation.

12 (1r2) ,n.m( )

i P P |
t i\, ~ Py

g

For constant thermal conductivity £, the heat conduction Equation reduces to:

1d( ar

dr)+__0

rdr

Separating variables and assuming uniform generation, this expression may be
integrated to obtain
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dT q -
rL=_Lyzyc
dr 2k 1

Repeating the procedure, the general solution for the temperature distribution
becomes

T(r) = —%rz +Cinr+C, ... a

To obtain the constants of integration C; and C,, we apply the boundary conditions

dT
—=0atr=0,T=T;atr =7,
dar

Therefore:

Cl = O

— q .2
CZ = TS + ET‘O
The temperature distribution is therefore

T(r)—TS=Z—’;f(1—§) ........... b

To
T =Tyexatr=20
Sub in equation

tanl

qTro
] —T.=— . C
max S 4k

Divided equation (b) to equation (c) we obtained

T(r)-Ts —1— (L)Z

Tmax—Ts To
From equation (b)
ar q

=——r

dr 2k

ar
q(r) = —k2nrl —

q(r) = —k2nrL(— %7‘) (heat conduction in the radius direction)
q(r) = nLgr? .. d

q(r) = nLqry
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To relate the surface temperature, Ty, to the temperature of the cold fluid, T, either a
surface energy balance or an overall energy balance may be used.

Qcond = Qconv
Lqr? = hQ2ar,L)(T; — Tw)

aro

To = Too + 6

H.W a similar analysis applies to a hollow cylinder as shown in the figure below:

Boundary condition: atr =1, T(r) =Tg, : v =17 Z—: =0
Example:

A current of 200 A is passed through a stainless-steel wire [k = 19 W/m - °C] 3 mm in
diameter. The resistivity of the steel may be taken as 70 pQ - cm, and the length of
the wire is 1 m. The wire is submerged in a liquid at 110 ‘C and experiences a
convection heat-transfer coefficient of 4kW/m” - C. Calculate the center temperature
of the wire.

Solution:
All the power generated in the wire must be dissipated by convection to the liquid:
P=IPR=q=hA(Ts = Ts) . a

The resistance of the wire is calculated from
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L _ (70x107°)(100)

R= pAC T 7(0.15)2

= 0.0990

where p is the resistivity of the wire. The surface area of the wire is ndL, so from
Equation (a)

(200)2(0.099) = 40007 (3x1073)(1)(T, — 110)
T,=215°C.

The heat generated per unit volume q is calculated from
P =qV = gnrlL

So that,

3960
(1.5x1073)2(1)

g = = 560.2 MW /m?

Finally, the center temperature of the wire is calculated from Equation below:

a2

qro

T, T, =—
max S 4k
_ (5.605x108)(1.5x1073)?

Tz = s +215 = 231.6°C

2.3.3 sphere with heat generation

The general heat conduction equation

1 ¢ ( FQHT) 1 d (.;(r?T)
r2or dr)  r’sin?@ dd \ o

1 dl al
_|_ il ® = il
rZsin @ 96 (}rsm : 39) T4 PG5

For one dimension (r direction only) study state the general equation has been reduced
to:

li(rz d_T> q

r2dr dr +E=O

Boundary condition: atr = 0 % =0&atr=1,T=T;

d daT ]
()=t
dr dr k

First integration gives:
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2dT q 3
—=——=1r°4+C
dr 3k 1

dT ] c
dr 3k T2

Second integration gives:

T(r) = -

Cy
-2+
6k r 2

H.W find the temperature distribution and heat transfer.

Q1: Air flows at 120-C in a thin-wall stainless-steel tube with #=65 W/m’
» oC. The inside diameter of the tube is 2.5 cm and the wall thickness is
0.4 mm. £ =18 W/m* °C for the steel. The tube is exposed to an
environment with #=6.5 W/m®> = °C and T, =15°C. Calculate the overall
heat-transfer coefficient and the heat loss per meter of length.

Solution:
For L=lm ——= L =0.1959
mA;  (65)7(0.025)
In(ry/r;)  In(2.58/2.5) 4
e = 279 1
2k 27(18) x10
L _ ! —~1.898
hodg  (6.5)m(0.0258)
1
UA=——=2094
>R
4 - (2.094)120-15)=219.9 .
L m

Q2: An insulating glass window is constructed of two 5-mm glass plates
separated by an air layer having a thickness of 4 mm. The air layer may
be considered stagnant so that pure conduction is involved. The
convection coefficients for the inner and outer surfaces are 12 and 50
W/m® . C, respectively. Calculate the overall heat-transfer coefficient for
this arrangement. Assume thermal conductivity of glass equal to 0.78

W/m . °C, and for air 0.026 W/m? . <C

Solution:
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Rglass k 078 leO
Ax  0.004
i =—=——=0.1538
Rair kK 0.026
1 1
=—=—=0.08
Roon, =3 =15 33
1
Rc:onv.r2 50=D-02
1
- 1 __3705 VW
(2)(641><10 )+01538+00833+002 0.2699 m2.°C

Q3: A wall consists of a 1-mm layer of copper, a 4-mm layer of 1 percent
carbon steel, a 1-cm layer of asbestos sheet, and 10 cm of fiberglass
blanket. Calculate the overall heat-transfer coefficient for this
arrangement. If the two outside surfaces are at 10 and 150°C, calculate
each of the interface temperatures.

Solution:
Re, = 9-3—2% =259x10° AT, =(52)(2.59%107%) =1.35x10~%C
Ry, = 0‘224 =93x107 ATy =(52)(9.3x107)=4.84 x1073°C
Ry, = &%=0.0602 AT, = (52)(0.0602) = 3.13°C
Rp = % =2.632 ATy = (52)(2.632) =136.9°C
Y R=2692 U=% 1:}3'71-I![T‘_Ei—C

g =UAT = (0.371)(150 - 10) = 52 Ez_

Inside of copper = 150°C

3-52 A 4-m-high and 6-m-wide wall consists of a long 18-cm 30-cm cross section of horizontal bricks (k _
0.72 W/m - °C) separated by 3-cm-thick plaster layers (k = 0.22 W/m - °C). There are also 2-cm-thick
plaster layers on each side of the wall, and a 2-cm-thick rigid foam (k = 0.026 W/m - °C) on the inner side of
the wall. The indoor and the outdoor temperatures are 22°C and - 4°C, and the convection heat transfer
coefficients on the inner and the outer sides are 21= 10 W/mz - °C and h2= 20 W/m2 - °C, respectively.
Assuming one-dimensional heat transfer and disregarding radiation, determine the rate of heat transfer
through the wall.

Solution:
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1 1
LI S - =0303°C/W
B = Reom A (10 W/m>.°C)(033x1m’)
B Rpieis 002w ——233°C/W
k4 (0026 W/m.°C)(033x1m’)
L 0.02
Ry=Rg=Ryppy =—= — —=0303°C/W
P T k4 (022 W/m.°C)(030x1m’)
L 018
Ry=Rs = Ryjpuy =—— = _ = ——5455°C/W
center M, A (022 W/m°C)(0015x1m")
R Gifm ——0833°C/W
k4 (072 W/m°C)(030x1m’)
1 1
R, =Roppz=——= —=0152°C/W
T ohd (20W/meC)(033x1m”)
t % E. 3§ 1 1 .
T Jl Wl 5 — 3R, =081°C/W

Ry Ry R, R; 5455 0833 5455

Ry = R+ Ry + 2R;+ R,y +R, =0303+233+2(0303)+081+0152
=4201°C/W
The steady rate of heat transfer through the wall per 033 m? is
T — T2 [(22—(-4)°C

2

fo - —619 W
R 4201°C/W

total

Then steady rate of heat transfer through the entire wall becomes

(4 x 6)m>

o =450 W

Qraraf = (619 W)

3-35 The wall of a refrigerator is constructed of fiberglass insulation (k = 0.035 W/m - °C) sandwiched
between two layers of 1-mm-thick sheet metal (X = 15.1 W/m - °C). The refrigerated space is maintained at
3°C, and the average heat transfer coefficients at the inner and outer surfaces of the wall are 4 wm’ - °C
and 9 W/mz - °C, respectively. The kitchen temperature averages 25°C. It is observed that condensation
occurs on the outer surfaces of the refrigerator when the temperature of the outer surface drops to 20°C.
Determine the minimum thickness of fiberglass insulation that needs to be used in the wall in order to avoid
condensation on the outer surfaces.

Solution:

Analysis The mimimum thickness of insulation can be determined
by assuming the outer surface temperature of the refrigerator to be
10°C. In steadvy operation. the rate of heat transfer through the
refrigerator wall is constant. and thus heat transfer between the
room and the refrigerated space 1s equal to the heat transfer
between the room and the outer surface of the refrigerator.
Considering a umit surface area,

O =M, A(T, g — T ) = (9 W/m* 2C)(1 m*)(25-20°C=45 W  1mm I 1 mm

room
Using the thermal resistance network. heat transfer between the
room and the refrigerated space can be expressed as

insulation

3 Troam _Tre;"ifg | WO
- Reaw R | & Ra |B| R,
'é-"_-:l= _ I""m _lT"%f"'g Tmom—",;ﬂ'lf‘l,,—ﬁvw _fll,’|||‘||'|,_ Treﬁj'z
- 1 [ (L
—+2 —J +| — +—
ho \E metal  \ i A imznlation h:’
Substituting.
2 (25-3)°C
45 W/m® =
A 1 2%0.001m I 1

m T N - 3 i - 3 + )
SW/m °C 151 W/m °C 0035 W/m °C 4W/m" °C
Solv ing for I, the mimimum thickness of mnsulation 1s determined to be
L=0004>m=045¢cm
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